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Abstract 
 

In this paper, horizontal lifts of tensor fields of a complex manifold M 
2n to is cotangent bundle 

 
2 

2n     are studied. 
 
 

 

1. Introduction: 

 
2 

Several authors have introduced horizontal lifts of the cotangent bundle 2n of a smooth 

manifold M using notations of horizontal lifts of tensor field on manifold M, but no natural 

conjecture has been presented for study of complex structure on cotangent bundle. This 

demands introduction of some new construction, which we shall prefer to call the construction 

of complex analytic cotangent bundle of a complex manifold and in brief complex cotangent 

2 

bundle by 2n . 
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2 

2. Horizontal Lifts of tensor fields on 2n : 
 

Let us assume a tensor field, which is pure in its all indices, i.e. 
 

S = (S dzas      ..........  dz a1   ) 
 

in U of the complex manifold M 
2n . 

 
2 

we define S in 2n by 
 

  S = SV  = v S 
     

V ...........  
   

 

  a ............a   

v
 v    

(2.1)  as a1  

 

 
  S = SV 

 
= v S 

     
V ...........  

   
 

 
 

     a ............ a 

 as 

 
a1    

 
 

(z , v ) (z , v ) 
 

 

 −1 
(U ) 

with respect to the induced coordinates     ,   in , U being an arbitrary 
 

coordinates neighborhood of M
2n .The tensor field  S defined in each  −1 

(U ) 

 

is global tensor 
 

2 

in 2n ,the definition of the depends the position of covariant index . But we shall apply 

the operator  exclusively on a tensor field of type (1,1) which has only on covariant index. 
 

Suppose  is affine connection in complex manifold M2n , we define a tensor field S  T 1 (M ) 

.If S has components Sas ............a1 
, S

as ............a1  
 in the neighborhood U of  M2n  , the this tensor field 

has local expression 
 

S = v S (dzas  )   .......  (dza1  ) 
 
 

S = v  S (dzas  )   ........  (dza1  ) 
s 1 

−1 2 

with respect to induced coordinate in determines a global tensor field in 2n 

Other than a function in the complex manifold M 
2n , a tensor field  S 

2 

in 2n is defined by 

1 v 
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as ............... a1 

0 2n 

V 

 
(2.2) 

 S = SV = (v  S (dzas  ) V  ..........  (dza1  )) 
 
 

   

S = v   S (dzas  )   .......  (dza1  )S 
 as ............a1 as ................ a1 with respect to the 

(z , v ) 
 

 

(z , v ) 
 

 

 −1 
(U ) 

 
 

S  S  
  

induced coordinates   , 

components o S in U. 

  in , where as .............. a1 and as................ a1 are 

 

For a function Z in the complex manifold M2n , we put 
 

(2.3) (Z )
C

 
= ZC  

 

from (2.2)and (2.3), we have 
 

(2.4)  (P  Q) = ( P)  QV + PV  ( P) 

 

for any tensor field P and Q in M2n . 

 

Now we define the horizontal lift SH
 of a tensor field S given in M

2n   by 
 

(2.5) S
H

 
= SC +  (S ) 

 

Where  is the affine connection in M
2n defined by 

 

ZV = V Z + [Z ,V ] 

 

any Z ,V T 1 (M ) .Thus the horizontal lifts S
H

 coincides with the complete S
C 

if and only if 
 

S = 0 . 

Taking account of (2.3) and (2.5) we have 

 

(2.6) S
H 

= S
C

 

 

Horizontal lift of tensor field of type (1, 0), i.e. Z 
H

 has components of the form 
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 ......, 

1 2n 

0 2n 

 in T (M ) 

  

   z z  
ZH   =   

 

(2.7) 


 z

 
  z

 

 

 
 

with respect to induced coordinates ((z , v ), (z
 , v )) 

2 

2n     , where 

 
 

 = v  = v  
   

(2.8)   and       

 

are components of  in M2n . 

 

If we take n linearly independent 1-form 1, 
......,

n 
, in a coordinate neighborhood of U of M2n , 

V V 

then their vertical lifts 1, n are also linearly independent. Next, if we take n linearly 

Z ,....., Z Z H ,....., Z H 
independent vector fields 1 n   in U, then their horizontal lifts 1 n are also 

 

linearly independent. Moreover, the vertical lift V
 

components ( , 
) has components of the form 

of a non zero 1-form with local 

 

V   
= 

 0 0  
 

(2.9) 
  

 
 

   

 
 

 

and the horizontal lift Z
H   

of a non –zero vector field Z with local coordinates (z
 

, z
 

) has the 
 

components of  form (1.7). Then 
V 

and Z
H 

are never linearly dependent. Hence 
 

V ....... , V Z H ,....., Z H  −1 
(U ) 

1, 
 

have 

n    ;   1 n     are 2n  2n linearly field independent vector in .Thus, we 

 

Theorem 2.1: If S and T be two tensor fields of type (0,s) of type (1,s), where S>0, such that 

 

S(Zs ,........., Z1 ) = T (Zs , ......... , Z1 ) 
 
 

 

for all vector fields Z1 , ........ Z s ,which are of the form 
V 

or Z 
H

 , where   T 0 (M ) and 

Z  T 1 (M ) , then 
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T  (M 

T  M F 

F F F , F 

0 2n 1 2n 1 2n 

(2.10) S = T 

 

Let F be a tensor field of type (1,1) and  be a symmetric affine connection in complex 

manifold M 
2n , then we write 

 

(2.11) F H = FC + ( F) 

 

where [ F] is a tensor filed of type(1,2) defined by 

 
(2.12) ( F)(Z, V) = −Z (FV ) + V (FZ ) 

 

Z and V being arbitrary element of 
0 

1 2n . We call F
H

 the horizontal lift of the tensor field 

F of type (1,1) in M 
2n 

 
2 H 

to 2n .The horizontal lift has components of the form 
 

 F 
 

 

F 0 0  

 
  


 

 

 F F 0 0  
  

FH =     
   

 F −  F  F  −  F F F          
      

       


 

 F  −  F  F −  F F 
    

 

F  

 

(2.13)                         

 
 

with respect to induced coordinates (z
 , v ) 

  

, (z
 , v ) inT 2 M 

  

2n , where    ,    , 
    

  are local 
 

 

  
 

 

M   
 

 

components of F,  ,  are components of  in 2n and  ,,    , are defined in (2.8). 
 

From (2.7),(2.9) and (2.13), we have 
 

Theorem 2.2: If Z T1 (M ) ,   T 0 (M ) and, then F  T1 (M ) 

 

(2.14) F H V =  ( 

 

(2.15) F H Z H 
= (FZ )H 

 

(2.16) F H ZC 
= (FZ )H − (Z )(F ) 

F ) 

) 
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1 2n 

0 2n 

1 2n 

 

If   T 0 (M ) , then by (1.15), we have 

 

F H GH V = F H ( F) )
V 

= ( GF )V = (GF )H V
 

 

So that 

 

(2.17) (F H GH + GH )H
 

 

 
= (FG + GH )H V

 

 

If   Z T1 (M ) , then by (1.16), we have 

 
(F H GH Z H ) = F H (GZ )H 

 

 
 
= (FGH )H 

 

 
 
= (FG)H ZH 

 

So that 

 
(2.18) (F H GH + GH FH ) ZH 

 

 
= (FG + GF )H H

 

 

As a consequence of (2.17), (2.18) and theorem 1.1, we have 
 

Theorem 2.3: if F, G  T 1 (M ) , then 
 

(2.19) F H GH + GH FH = (FG + GF )H 
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